Chapter 2

Limits and Continuity

Ch 2.2:Limit of a Function and Limit Laws
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EXAMPLE 1 How does the function

behave near x = 1?
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TABLE 2.2 The closer x gets to 1, the closer f(x) = (x* — 1)/(x — 1)
seems to get to 2
x1-1
Values of x below and above 1 fx) = -1 -% +1, x#1
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 1.999
X 1.001 2.001
0.999999 1.999999
1.000001 2.000001

We say that f(x) approaches the /imit 2 as x approaches 1, and write

2 _
lim f(x) =2, or lim*—1 =2

x—1 x—1 x — 1
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Suppose f(x) 1s defined on an open interval about x, except possibly at x itself. If f(x)
1s arbitrarily close to L (as close to L as we like) for all x sufficiently close to x,, we say
that f approaches the limit L as x approaches xg, and write

lim f(x) =L,

XX

which 1s read “the limit of f(x) as x approaches x 1s L.”

EXAMPLE 2

This example illustrates that the limit value of a function does not depend
on how the function 1s defined at the point being approached.
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EXAMPLE 3

(a) If f is the identity function f(x) = x, then for any value of x; (Figure 2.9a),

lim f(x) = lim x = x;.

X=X =X

(b) If f is the constant function f(x) = k (function with the constant value k), then for
any value of x; (Figure 2.9b),

Iim f(x) = lim k = k.

X=X X=X

For instances of each of these rules we have

Imx=3 and lim(4) = lim(4) = 4.

x—3 x—-7 x—2

y=2Xx
Xp
x
Xp
(a) Identity function
y
»
k v=k
x
0 Xo

(b) Constant function

FIGURE 2.9 The functions in Example 3
have limits at all points xg.



Remarl

Some ways that limits can fail to exist are illustrated in Figure 2.10
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(a) Unit step function U(x) (b) g(x) (c) f(x)
FIGURE 2.10 None of these functions has a limit as x approaches 0 (Example 4).
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THEOREM 1—Limit Laws

lim f(x) =

X—=¢

1. Sum Rule:
Difference Rule:

Product Rule:
5. Quotient Rule:
6. Power Rule:

7. Root Rule;

Constant Multiple Rule:

If L, M, ¢, and k are real numbers and

and  lim g(x) = M, then

}lm(f( x) tglx)=L+M
th‘c(f( x)-glx))=L-M
lim (k- f(x)) =

(

X—¢

lim (f(x)+g(x)) = L*M

X—¢

lim f(x)) M#0

L
x—=c g(x M

lim[f(x)]" = L", n a positive integer

X—¢

lim \/f(x) = V/L = L'" napositive integer

X—¢

(If n 1s even, we assume that lim f(x) = L > 0.)

X—=¢




EXAMPLE 5 Fiad Mae &o\\wgﬁz wides

4 2 _
(@) lim(x® + 4x2—3)  (b) lim ™~ “in : L@ lim Vax? — 3

x—c xX—>c X x—>—2

Solution

(a) lim(x3 + 4x? — 3) = lim x* + lim 4x* — lim 3 Sum and Difference Rules
x—c x—c x—c¢ x—c¢

= ¢ + 4¢* - 3 Power and Multiple Rules

lim(x* + x? — 1)
4 2 _ mm
(b) lim & +2x I == ) > Quotient Rule
x—=c  x°+5 lim(x* + 5)

X—>c

lim x* + lim x* — lim 1
x—>¢ x—c x—>c e
= ) 7 : Sum and Difference Rules
lim x* + lim 5
x—>c x—>c

¢+t -1

Power or Product Rule

c2+5
(¢) lim V 4x* — 3 = \/ lim (4x2 - 3) Root Rule withn = 2
x—>=2 x—>=2
= \/ Iim 4)(2 — lim 3 Difference Rule
x—>=2 x—>=2
= \/4(—2)2 -3 Product and Multiple Rules



THEOREM 2—Limits of Polynomials Swed su) s\"\\-wxiw\
If P(x) = apx" + ap—1x" ' + -+ + qg, then

lim P(x) = P(¢) = a,¢" + ap_1c" ' + -+ + ay.
X—>C
THEOREM 3 —Limits of Rational Functions Svred: Sul 53,.'\\_“\.;0,\

If P(x) and Q(x) are polynomials and Q(c¢) # 0, then

lim P(x) _ P(c)
x—e O(x)  O(c)

EXAMPLE 6  The following calculation illustrates Theorems 2 and 3:

po X4t =3 (D43 0
m 2 - 12 —6
x——1 x“+5 (1)+5

EXAMPLE 7  Evaluate




The Sandwich Theorem

THEOREM 4—The Sandwich Theorem Suppose that g(x) = f(x) = h(x) for

all x in some open interval containing ¢, except possibly at x = c itself. Suppose
also that

lim g(x) = lim A(x) = L.

xX—>c X—c

Then lim,—. f(x) = L.

EXAMPLE 10  Given that

2 2

- X =ux)=1+% forallx # 0,
4 2
find lim,— u(x), no matter how complicated u is.
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EXAMPLE 11  The Sandwich Theorem helps us establish several important limit rules:
L : _
(a) 011_r}10 sinff = 0 (b) eh—IH) cos 0

(¢) For any function f, lim | f(x)| = (0 implies lim f(x) = 0.

THEOREM 5 If f(x) = g(x) forall x in some open interval containing c, except
possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,
then

lim f(x) = lim g(x).
X—>C X—cC




Exercises 2.2

EX.A 1. For the func-tion g(x) graphed here, find the following limits or
explain why they do not exist.

a. lim1 g(x) b lim2 g(x) c. lim3 g(x) d. 1i11215 g(x)

N
>

%—r ) k{:k o, e il D.N.E
Righe o
(e Runchion 300 W Owepwg U % < A )
(b) LeA

7\
- gm0 < Se, b 00 =
12 Righy \ N=>2

() L3t ., o

“9'\" 3(%} < 33 \\w\%(bbs gl
T R: o fads

‘v

(4) LSC’Q — 0.5

N—-2.9



Ex- '8 Fuwrd e Vi)

,Q O

o2 Yagy~x &€

- X+ 2 _ / _ A
2V v5@)x§ T 20 - 5
Ex. 2¢ Fud e YawiX
I} '1-1'—'47(. - \0 o
AX—-o2 r—2 )

—;Q;L\——l Q/?g-@ - -5 = -3

A A A 2
'Y =\ T T o\ | ox\ _ O
AL —o0 g B (0] ) (@)
(M) + (-1 ol 4
- _Q GL-\D (x\) - -‘Lv #@-DO (xx))
)L_-o 0 "l A—o )Z
‘9\1—_’ 2
L—> 0o YIRS V)
- 2 - _ 2
(o) (640)

E+x Yo ¢ Find Xe Vi 'k

q Ax2 = j
X —o-2 ‘!1«1‘\’5 - 2 [ )




D L 2 *_ﬁx%s £ 32
Yoz \(fhg —2 J s &~ 3
~ (‘L«\—?D ( (s +2)

—

-
-

W o 2
o (\iksv —'QQf .
_ i} _ (i*bﬁ(m_'fS) Rt

N p " S

oo _xen(ias 4
P p—y QX—’L) QQ?\‘/LB

_ Drs + 3
-1 -, 4

Cx 48 3 Fwd e i)
Jd— -v(x_ Qo oL)

*—»d

_ (&A)C¢_0%5>::@QQLQ:4_

e\t Prachice <Rercisen

2,/‘/,6/21/3]/‘{?/{3






