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14 1 | Functions of Several Variables
al

DEFINITIONS Suppose D is a set of n-tuples of real numbers (xy, x7, ..., Xx,).
A real-valued function f on D is a rule that assigns a unique (single) real
number

w = f(xi,x2,...,x,)

to each element in D. The set D is the function’s domain. The set of w-values
taken on by f is the function’s range. The symbol w is the dependent variable
of f, and f is said to be a function of the » independent variables x; to x,. We
also call the x;’s the function’s input variables and call w the function’s output
variable.

\ (x’ )’) f(a; b) | ‘e > 7

FIGURE 14.1 An arrow diagram for the function z = f(x, y).

As usual, we evaluate functions defined by formulas by substituting the values of the
independent variables in the formula and calculating the corresponding value of the

dependent variable. For example, the value of f(x,y,z) = Vx2 + y? + z? at the point
(3.0, 4)is

£3,0,4) = V(3) + (0> + (42 = V25 = 5.
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EXAMPLE 1  (a) These are functions of two variables. Note the restrictions that may
apply to their domains in order to obtain a real value for the dependent variable z.

Function Domain Range

c= Va2 y=x [0,00)  Dguped9>L S

z = xLy xy # 0 (—00,0) U (0, 0) D"i“”)&\g“@g‘%
z = sinxy Entire plane [-L 1] %~ \Qz

(b) These are functions of three variables with restrictions on some of

their domains.

Function Domain

Range

w=Vx?+ y? 4+ z?  Entire space
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DEFINITIONS A point (xo, yo) in a region (set) R in the xy-plane is andnterior
point of R if it is the center of a disk of positive radius that lies entirely in R
(Figure 14.2). A point (xo, yo) is a boundary point of R if every disk centered at
(x0, o) contains points that lie outside of R as well as points that lie in R. (The
boundary point itself need not belong to R.)

The interior points of a region, as a set, make up the interior of the region.
The region’s boundary points make up its boundary. A region is open if it con-
(a) Interior point sists entirely of interior points. A region is closed if it contains all its boundary
points (Figure 14.3).

y y y
y N
& - "
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0 0 0
o
(b) Boundary point
FIGURE 14.2 Interior points and ([ +y < 1) (e[ +y7=1) (e[ +yr=1)
. . Open unit disk. Boundary of unit Closed unit disk.
bound: ts of a pl R.A P y
. Oun, ary POH_I sotap aI_le reglqn n Every point an disk. (The unit Contains all
interior point is necessarily a point of R. A interior point. circle.) boundary points.

boundary point of R need not belong to R.
FIGURE 14.3 Interior points and boundary points of the unit disk in the plane.

DEFINITIONS A region in the plane is bounded if it lies inside a disk of fixed
radius. A region is unbounded if it is not bounded.

Examples of bounded sets in the plane include line segments, triangles, interiors of
triangles, rectangles, circles, and disks. Examples of unbounded sets in the plane include
lines, coordinate axes, the graphs of functions defined on infinite intervals, quadrants,
half-planes, and the plane itself.



EXAMPLE 2  Describe the domain of the function f(x,y) = Vy — x?.
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FIGURE 14.4 The domain of f(x, y) in
Example 2 consists of the shaded region
and its bounding parabola.

DEFINITIONS  The set of points in the plane where a function f(x, y) has
a constant value f(x,y) = c is called a level curve of f. The set of all points
(x, v, f(x, y)) in space, for (x, y) in the domain of f, is called the graph of f. The
graph of f is also called the surface z = f(x,y).

EXAMPLE 3 &Gy~ f(x,y) = 100 — x> — y2.  plot the level curves f(x,y) = 0,
f(x,y) = 51, and f(x, y) = 75 in the domain of f in the plane.
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The surface

100
z=f(x,y)
fx,y) =175 = 100—)(2—y2

is the graph of f.

Sflx, y) =51
(a typical

— level curve in
the function’s
domain)

FIGURE 14.5 The graph and selected
level curves of the function f(x, y) in
Example 3.
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The curve in space in which the plane z = ¢ cuts a surface z = f(x, y) is made up of
the points that represent the function value f(x,y) = c. It is called the contour curve
f(x, y) = ctodistinguish it from the level curve f(x,y) = ¢ in the domain of f. Figure 14.6
shows the contour curve f(x, y) = 75 on the surface z = 100 — x> — y? defined by the
function f(x,y) = 100 — x> — y2 The contour curve lies directly above the circle
x2 + y? = 25, which is the level curve f(x,y) = 75 in the function’s domain.

The contour curve f(x, y) = 100 — x> — y> = 75
is the circle x> + y% = 25 in the plane z = 75.

L2 =100-x2—)?

Plane z = 75 100[

\\”i,/

The level curve f(x, y) = 100 — x> — y> = 75
is the circle x> + y? = 25 in the xy-plane.

FIGURE 14.6 A plane z = ¢ parallel to
the xy-plane intersecting a surface
z = f(x, y) produces a contour curve.
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Exercises 14.1

In Exercises 1-4, find the specific function values.

4. f(x,y,z) = V49 — x2 — y? — 22

a. f(0,0,0) b. f(2, -3, 6)
4 5 6
. f(—-1,2,3 d. 2
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In Exercises 5—12, find and sketch the domain for each function.
6. f(x,y) = In(x* + y* — 4)
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8. f(x,y) =
fx. ) xZ + y2 — 25
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10. f(x,y) =In(xy +x—y — 1)
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In Exercises 13-16, find and sketch the level curves f(x,y) = ¢ on
the same set of coordinate axes for the given values of c. We refer to
these level curves as a contour map.

14. f(x,y) =x*+ % ¢=0,1,4,9,16,25

1 T
Yoy —e == Lxy —cC C = &,\,d9 ,9,4 ,2s
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13. flx,y) =x+y—-1 ¢=-3-2-10,123 =\ prad-ee



In Exercises 17-30, (a) find the function’s domain, (b) find the function’s
range, (¢) describe the function’s level curves, (d) find the boundary
of the function’s domain, (e) determine if the domain is an open re-
gion, a closed region, or neither, and (f) decide if the domain is bounded
or unbounded.

18. f(x,y) = Vy —x )
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24. f(x,y) = V9 — x2 — y?
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30. f(x,y) = In(9 — x> — y?)
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